Achieving reliable water distribution from reservoirs to points of consumption is an important problem in many countries. Water distribution systems are often highly complex networks that may have evolved through a series of different design decisions. We apply graph theoretical analyses to some synthetic and real water distribution networks and study the robustness and fragmentation properties through simulated component failure. We use the betweenness centrality metric and rank network components, then remove or cull the most important component. We report on the progression of various measured properties when this procedure is applied to eight different water networks and discuss the implications for improving reliability and sustained end-user water access in real distribution systems.
Introduction
Water is an increasingly precious commodity and ensuring its reliable distribution [3] to consumers [15] is a problem of growing importance as populations grow and as existing water distribution infrastructure fails [19, 22] . Water pipe networks [31] and the associated water distribution infrastructures [7, 27] are often studied using cost optimisation techniques and flow analysis [1, 6] . In this article we employ graph theoretic methods to study the critical points of a network and investigate how susceptible it is to overall fragmentation and failure when individual components fail.
Generally speaking water distribution networks are designed and accumulate over long periods of time [18] -generally over many human generations There are many geographic and economic constraints and as a result water distributions systems are typically quite complex networks [26] . This does not necessarily mean they are scalefree however and in fact observations suggest they only have a relatively short range of scales. A great deal of work has been reported on attempts to better design such networks [4, 11, 28] and to understand the robustness and emergent properties, particularly with regard to possible failure and associated loss of water supply service.
Complex network analysis [16] can and is applied to a range of different network problems including sociological systems [17] ; airport infrastructure [13] ; electrical power networks [14] as well as water distribution systems [24, 30] .
A number of simple graph metrics can be applied to water distribution networks [29] but we have devised a new process to simulate the failure modes of a complex network. This process involves ranking the components according to some measure of their importance [9] and then progressively removing or culling them from the network to see how their removal affects the remaining network. Various measures of importance can be used but we employ the betweenness centrality metric [21] for the work reported here.
Our article is structured as follows: We describe some typical water distribution networks and their known key properties in Section 2. In Section 3 we establish the notation and discuss algorithms for computing graph theoretic metrics such as the betweenness. In Section 4 we present some results from applying the metrics to the eight test networks and discuss the implications for water distribution in Section 5. We offer a summary nd concluding remarks in Section 6.
Water Networks
For the purposes of exploring the utility of some graph metrics it was not necessary to obtain geographically accurate water distribution network data. Rather it was sufficient to obtain topologically realistic networks. A search of the water distribution and management literature revealed four commonly studied test networks. These are relatively small systems, and exact in the sense that their properties are well described in the literature.
Their properties are summarised in Table 1 which shows the number of vertices (junctions) and edges (pipes). We also give the mean degree of each junction and the highest betweenness of each network and these are discussed below in Section 5. References to the water management literature are also given in the table for each network.
Four additional networks were constructed from realistically sized actual water networks discussed in the literature. The actual data we have used was digitized using a graph visualisation tool and so these only approximate in the sense that they represent topologically realistic rather Since not all the way-point junctions were obtainable the node numbers do not exactly match those stated by the reporting authors of the original sets. We review each of these networks in turn, summarising their key known features, before we apply our own graph metric analysis using the betweenness node ranking procedure described in Section 3.
The Alperovits & Shamir network [1] shown in Figure 1 has been well studied in the water management literature for some time. It consists of two lops and the water supply is on a separate spur. Obviously if the supply link fails then the whole network fails, but otherwise the double loop structure does provide some measure of redundancy and therefore protection against critical failure.
The Hanoi network [10, 25] shown in Figure 2 has also been widely used to study flow properties. This network has triple loops and spurs of various lengths and water is supplied via a spur.
The New York City Tunnel network [6] has a single main loop with a small sub loop and two spurs. It is shown in Figure 3 , where the node colouring shows the degree and indicates node 9 is the most important on the basis of degree-centrality.
The Anytown synthetic benchmark network [7] is shown in Figure 4 and unlike the other networks we consider, the Anytown benchmark network has an unusually The Colorado-Springs water distribution network was discussed in [29] and we digitized an approximation of this network from that work. We show the approximate network in Figure 5 . As Yazdani and colleagues observe, this network has three very central pipes that cross bridges and that form an important cut set of this network. These bridge pipes are on the right of the diagram. This is relatively urban distribution network with a typically regular layout of water end-users.
The Kumasi network is also discussed by Yazdani et al [29] and again we have studied an approximate network based on a digitization scan, and this is shown in Figure 6 . This network has a dense and rather irregular core of nodes and pipes with many off-shooting spurs, typical of a third world water distribution network over a larger geographic area.
The approximation to the Richmond water network was also obtained by digitizing the article by Yazdani et al [29] and our representation of it is shown in Figure 7 . While this is relatively modern network unlike the Colorado Springs network, the Richmond one shows the effect of a longer history of upgrades and additions and is less planar in nature than the other systems studied. The Udine water distribution network in Italy was also digitized, but from an article Nicolini et al [22] . Our approximation is shown in Figure 8 . It shows a more sprawling structure without clustering around a central set of dwellings.
Metrics
In this section we establish the notation to describe graph centrality and associated metrics including the betweenness.
Consider a water distribution network described by a Graph G with a set V vertices or nodes which are the pipe junctions or end-user access points, of which there are N V nodes and a set of E edges modelling the water pipes and of which there are N E individual connecting components.
Centrality metrics attempt to rank the nodes in some order specifying which is the most connected or important to the network as a whole. A simple centrality measure is simply the degree of a node. That is, the number of other nodes that is connects to or from.
The individual node degrees of a network are summarised by the mean degree and these were given for the water distribution networks we consider in Section 2. Typ-
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. Figure 8 . Udine-321-Vertices-345-Arcs ically the degree centrality captures only very localised information. A node may not appear important locally but may in fact be crucial to the overall network if many access flows pass through it. Thus, the simple static degrees do not necessarily give insights into the wider implications of a component failure.
Another centrality metric is the so-called "betweenness." This is defined to rank the node through which the most number of pathways connecting any two other nodes pass as the one with the highest betweenness. Computing the betweenness involves computing the shortest path distance between each pair of nodes (s, t); s ∈ V, t ∈ V . We thus compute the fraction of the shortest paths that pass through each vertex v and sum this fraction over all possible pairs of vertices (s, t). This can be written as:
where σ s,t is total number of shortest paths from s to t and σ s,t (v) is the number that pass through v. We typically normalise the betweenness by dividing by number of node pairs not including v. This factor is (N V − 1)((N V − 2). Computing shortest path data for a network is along standing problem and although there are several algorithms available [5, 12, 23] in practice the choice (for networks that are not too large) is dominated by the ease of integration with the data structures and the other software apparatus used.
Computationally, the complexity of obtaining the shortest paths is O(N 3 V ) using the Floyd-Warshall algorithm [8] . There are other and newer algorithms such as Brandes' algorithm, which takes O(N V N E ) [2] . In Figure 9 . Ranked Betweenness plotted on log-log scale.
this present work the calculations were done repeatedly as nodes were progressively removed to simulate their failure and it was sufficient and easiest to use the Floyd-Warshall algorithm.
The shortest-paths information can itself be averaged over the whole network and it gives an indication of how compact the network is. A tightly coupled and dense network will have a low value of the all-pairs distance, whereas a less s dense, more sprawling network will have a higher value. The all-pairs distance can be weighted with actual distances and this is possible using accurate pipe length data, but it is also useful to consider an unweighted graph-distance n terms of number of pipes traversed.
Water Network Results
In this section we present some analyses of the various metrics discussed applied to the eight water distribution networks. The betweenness can be plotted for each of the networks and the component nodes ranked accordingly. Figure 9 shows how the betweenness tails off with the ranked nodes on a log-log scale. Note how all the networks -even the smaller ones -exhibit the trend of a relatively flat slowly changing region, followed by a downward sloping region and a rapid cutoff beyond which the network is effectively dysfunctional.
An interesting simulation to apply is that of progressively removing the most critical component to see how the network fails. The betweenness-ranked nodes can be removed one by one and the betweenness of the highest remaining node plotted. This is shown in Figure 10 and it is a realistic regime to study the four large scale real water distribution networks. We consider how the top twenty most highly ranked (by betweenness) nodes affect the overall network properties when they are progressively removed. Figure 10 shows that the log of the highest betweenness fails off almost linearly with the number of culled (removed) nodes. The pur-
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. Figure 10 . Log betweenness vs number of culled nodes. We can study the number of component clusters in the network as the failure simulations are applied. Figure 11 shows a linear plot of the number of component clusters as the nodes are culled using the betweenness ranking procedure discussed above. In all cases the water networks fragment almost linearly with fitted slopes of around 2.2 − 2.7. Interestingly the degradation is gradual and implies that providing the largest component includes one or more water supply points -eg tanks or reservoirs, then the water supply to end-users tails off linearly too. This indicates avoidance of any particular catastrophic failure and just a gradual and hopefully manageable decline in user service. Another metric to consider is the number of leaf nodes in the network. Most leaf nodes in a water distribution network are effectively spurs to end user access points.
The plot shown in Figure 12 is off the log of the number of leaf nodes against the number of culled nodes, again using the betweenness ranking procedure described above. The data show an approximate downward linear trend which indicates some sort of exponential tail off, again this is a gradual failure rather than a catastrophic one.
The All-pairs average distance is a measure of how many pipes or nodes must be traversed for one node to connect to another. It can be weighted by actual pipe length distances which are available for the actual water networks, but we have plotted here the simple hop-distances in terms of nodes traversed for the largest remaining connected component. Figure 13 shows the trends.
This emphasises that most of the water networks start with a high all-pairs distance, which declines initially rapidly then more slowly as the network fragments. The Colorado-Springs network exhibits an interesting peak as it fails, and this is due to the particular failure pattern it exhibits due to the bridge pipe discussed in [29] . Otherwise, all the trends are towards a relatively monotonic downward trend with some sudden changes as particularly important nodes are removed.
Discussion
The software for this work was developed using straightforward programming techniques and was built in C++. This allowed scalability to relatively large network sizes. The code was tested and verified on a number of individual test cases. The algorithms and ideas are readily incorporable into any software system that manipulates network data however.
This sort of analysis whereby we simulate the failure modes of a water distribution network can be used to highlight the nodes of particular importance and display the associated consequences. While this is of less interest in the context of the present article it could be incorporated into network analysis software and used to study particular systems using geographically accurate and time-correct data. The network specific details obviously do matter although less important in this present article where we have just examined the statistical trends.
The betweenness metric is reasonably computationally cheap to calculate even for the networks studied here of more than one thousand junction points. The calculations reported here typically took less than a minute for each node culled of each network running on a desktop computer. Automated analysis of nodes of up to 10,000 node networks is still feasible with desktop computers, and modern supercomputers would make this feasible for any practical water distribution network.
We have focused on the network nodes and have ranked the betweenness of them to progressively remove them. It is possible to study the pipes explicitly rather than the nodes. This can be done in tow ways. the simplest is just to remove all the pipes that connect to a particular node when it fails. The second is to rank the pipes explicitly either using the adjoint network or by adapting the algorithm described in Section 3 to explicitly handles edges.
We listed the normalised values of highest betweenness in Table 1 . This is not particularly revealing as a comparison amongst different networks since it contains an N 2 V factor. However, as observed in the work of this article the relative betweenness is very useful as a ranking measure amongst the nodes of a single water distribution network.
There has been a lot of interest and discussion on scale-free networks in the complex networks and systems literature. Water distribution networks -as can be seen from the diagrams -typically have many T-junctions or spur points, feeding consumers of separate streets or other sub communities. There are also obviously many endpoints representing an end-user. There are not very many hub points of nodes that have a high degree.
Consequently, unlike many other complex networks, water distributions systems are characterised by a mean degree between 2 and 3 and usually closer to 2. Other metrics of complex networks such as the Newman clustering coefficient [20] do not reveal much of interest in the networks reported here. These networks have a limited range of scales and although they can have complex properties such as emergent flow patterns they are not scale-free. We have seen how the large sized networks appear to decline relatively slowly and in some cases linearly as the highest ranked nodes fail. We note the caveat that if the water supply source such as the reservoir or supply tank is cutoff from any part of the network then that represents a total failure of the networks purpose. It is not unreasonable to suppose that any water distribution company or organisation would have contingency plans and appropriate resources to deal with that sort of high risk failure. More interesting for our purposes and less commonly analysed, is the less anticipatable consequences of when other parts of the network fail.
The gradual decline model is good in the sense that it will lead to more manageable failures. The largest connected component of the network will still function and supply end users. However as more failures occur larger number of consumer access points become cut off and are no longer supplied.
This scenario is not unlikely -as might happen in a particularly severe winter with water freezing damage for example -as happened in the 2011 winter in Ireland for example. The progressive node failure simulation technique we have described may assist in identifying the consequences and thus a way to prioritize repairs or backup resource deployments.
Conclusion
We have described a simulation procedure for studying the failure modes of water distribution networks using a node centrality graph metric to identify the most important or vulnerable point of failure at each iterative removal of that node. We have shown how the node betweenness is a useful and readily computable metric to employ for this process.
A number of observations emerged on water distribution networks -both synthetic benchmark and realistically sized and connected networks -concerning their typical structure and points of vulnerability. These data sets were selected due to their availability and because they represent a good cross section of typical scenarios for this method evaluative study. We found that in most cases the water distribution networks would not have immediate catastrophic failure modes but even if up to ten of so nodes were removed, the network might continue to function, serving a majority of their end users.
Some specific decay values for the behaviours of metrics for each of the networks were fitted and which all show broadly similar values. Although water distribution networks are complex in nature they are found to differ in
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. character from other networks such as power distribution systems. We hypothesis that this largely due to the universal geographic and physical constraints on large scale water pipe infrastructure.
This sort of graph theoretic analysis ought to be easily incorporated into practical water distribution analysis and control software to monitor changes in the critical points of failure under different flow and non-local component failures. There is particular scope to link it to active flow monitoring to help identify how water flows could be re-routed in the case of complex component failure patterns.
